Abstract. We give an algebraic description of screw dislocations in a crystal, especially simple cubic (SC) and body centered cubic (BCC) crystals, using free abelian groups and fibering structures. We also show that the strain energy of a screw dislocation based on the spring model is expressed by the Epstein-Hurwitz zeta function approximately. Crystal lattice and screw dislocation and topological defect and monodromy and group ring of abelian group and dislocation energy and Epstein-Hurwitz zeta function
Introduction
Mathematical descriptions of dislocations in crystal lattices have been studied extensively in the framework of differential geometry or continuum geometry [A1, A2, KE, Kon, N] . However, crystal structures are usually given as discrete geometry. In fact, a crystal lattice is governed by a discrete group such as free abelian group [CS, Koh, S] . An abelian group and its group ring provide fruitful mathematical tools, e.g., abelian varieties, theta functions, and so on. On the other hand, the continuum geometric nature of dislocations in the euclidean space cannot be represented well as long as we use the ordinary algebraic expressions.
In this article, we give algebraic descriptions of screw dislocations in the simple cubic (SC) and the body centered cubic (BCC) crystals in terms of certain "fibrations" involving group rings. Using such fibering structures, we describe the continuum geometric property embedded in the euclidean space, whereas the algebraic structures involving group rings enable us to describe the discrete nature of the crystal lattices. More precisely, we first describe the screw dislocations in continuum picture and then we use algebraic structures of lattices to embed their "discrete dislocations" in the continuum description. Our key idea is to use certain sections of S 1 -bundles to control the behavior of dislocations. We also show that the strain energy of a screw dislocation based on the spring model is expressed by the Epstein-Hurwitz zeta function [Ep, El] approximately. This will be shown by using our algebraic description of a screw dislocation.
It should be noted that the results presented in this article arose in our attempt to solve the following problems proposed in the Study Group Workshop at Kyushu University and the University of Tokyo, held during July 29-Aug 4, 2015 [O] .
(1) To find a proper mathematical description of a screw dislocation in the BCC lattice.
(2) To find a proper mathematical description of the strain energy of a screw dislocation in the BCC lattice. The present article is organized as follows. In Section 2, we first introduce certain fibering structures over the plane involving the celebrated exact sequence 0 → Z → R → U(1) → 1, which will be essential in this article. Then, we will describe screw dislocations in continuum picture, in which certain covering spaces of a punctured complex plane will play important roles. By using certain path spaces, we clarify the covering structures of screw dislocations in Remark 2.4 and Proposition 2.6. In Section 3, we first explain the algebraic structure of the SC lattice as a free abelian group. Then, we consider the fibering structure of the SC lattice in terms of the associated group ring and its quotient. Using these descriptions, we will describe the screw dislocations in the SC lattice in Propositions 3.6 and 3.8 so that they are embedded in the continuum picture given in Section 2. In Section 4, we first explain the fibering structure of the SC lattice in a diagonal direction, using group ring structures. Then, we explain similar structures for the BCC lattice. Finally, screw dislocations in the BCC lattice will be described using all these algebraic materials in Propositions 4.14 and 4.15. Section 5 is devoted to the computation of the strain or elastic energy of a single screw dislocation in the SC lattice. In Theorem 5.2, the elastic energy of the dislocation corresponding to a bounded annular region is expressed in terms of the truncated Epstein-Hurwitz zeta function [Ep, El] approximately. In Section 6, we summarize and discuss our results from various viewpoints. In particular, in Section 6.2, we provide explanations from physical points of view so that even the readers who may not be familiar with mathematical tools can understand our results. Finally, in the appendix, we show that the total elastic energy for two parallel screw dislocations with opposite directions does not diverge for unbounded regions, both in the continuum picture and in the discrete picture.
1.1. Notations and Conventions. Throughout the article, we distinguish the euclidean space E from the real vector space R: in particular, R is endowed with an algebraic structure, while E is not. We often identify the 2-dimensional euclidean space E 2 with the complex plane C. The group U(1) acts on the set S 1 simply transitively. Given a fiber bundle F → M over a base space M, we denote the set of all continuous sections f : M → F by Γ(M, F ).
Screw Dislocations in Continuum Picture
Let us consider the exact sequence of groups (see [B] )
where Z and R are additive groups, U(1) is a multiplicative group, ι(n) = n for n ∈ Z, and (exp 2π √ −1)(x) = exp(2π √ −1x) for x ∈ R. Throughout this section, we fix d > 0.
For δ ∈ R, we have the "shifts"
such that the following diagram is commutative:
where ψ(y) = exp(2π √ −1y/d), y ∈ R, and ϕ δ = ι δ • ι. 
for n 1 , n 2 , n 3 ∈ Z. When g ∈ SO(3) is the identity, we denote it by ι A 3 ,δ : A a 3 ֒→ E 3 , which is defined by (3.1) ι A 3 ,δ (n 1 a 1 + n 2 a 2 + n 3 a 3 ) = (n 1 a, n 2 a, n 3 a) + (δ 1 , δ 2 , δ 3 ).
Remark 3.1. We have the natural action of the discrete subgroup of SO(3) on the SC lattice [CS, I, Koh, S] , which is isomorphic to the symmetric group S 4 on a set of four elements [I] , although it does not play an important role in this article.
In this article, we often use the multiplicative abelian group
3 | abelian, n 1 , n 2 , n 3 ∈ Z} rather than the additive group A a 3 for convenience. Here, α b corresponds to a b , b = 1, 2, 3. Through the natural identification of A 3 with A a 3 , we continue to use the symbols ι A 3 and ι A 3 ,δ also for A 3 by abuse of notation.
Remark 3.2. The SC lattice is regarded as the universal abelian covering of a certain geometric object. In fact, the SC lattice is expressed by the graph as depicted in Figure 1 (b) [S] . More precisely, the universal abelian covering of the graph given by Figure 1 (b) coincides with the Cayley graph of the group A 3 with respect to the generating set {α 1 , α 2 , α 3 }. 
3 ] in order to consider the fibering structure of A 3 (and that of A a 3 ). Its projection to the 2-dimensional space corresponds to taking the quotient as
2 | abelian, n 1 , n 2 ∈ Z}, which is group-isomorphic to A a 2 := Za 1 + Za 2 , and (α 3 − 1) is the ideal generated by α 3 − 1. As in the case of A 3 , by assuming that α 1 and α 2 correspond to (a, 0) and (0, a) in R 2 , respectively, we may regard A a 2 ≈ A 2 as being also naturally embedded in R 2 . Thus, we have natural embeddings ι A 2 : A 2 ֒→ R 2 and ι A 2 ,δ : A 2 ֒→ E 2 forδ = (δ 1 , δ 2 ) ∈ E 2 . The projection above "induces" the fibering structure
where ̟ is the projection defined by ̟(α
2 , n 1 , n 2 , n 3 ∈ Z. Its graph expression is given by Figure 2 : more precisely, the Cayley graph of A 2 with respect to the generating set {α 1 , α 2 , α 3 } coincides with the graph depicted in Figure 2 . We will see that the above fibering structure is essential in our description of screw dislocations.
Note that we may regard the group ring C[A 2 ] as a set of certain complex valued functions on A 2 : for an element of f ∈ C[A 2 ], we have the complex number f (n 1 , n 2 ) ∈ C for every element α
In this case, f can take non-zero complex values only on a finite number of elements of A 2 . We extend this space to the whole function space F (A p , C), where we use the symbol A p for A 2 viewed as a set or as a discrete topological space, i.e.,
We denote by S
1
Ap the trivial S 1 -bundle over A p . For every fiber bundle F E 2 over E 2 and forδ = (δ 1 , δ 2 ) ∈ E 2 , by the natural embedding ι 
where the vertical maps are the projections of the fiber bundles andι Recall that in Section 2, we have fixed d > 0. In the following, we set d = a. Using the above pullback diagram (Cartesian square), we have the following. Lemma 3.4. We have the following commutative diagram:
where the straight vertical arrows are projections of the fiber bundles and ψ are the bundle maps induced by ψ defined in Section 2.
The above lemma is easy to prove, and hence we omit the proof. The following proposition corresponds to the case where S = ∅ and the proof is left to the reader.
Proposition 3.5. Set γ = exp(2π √ −1δ 3 /a) ∈ S 1 for a δ 3 ∈ R and consider the global sectionσ γ ∈ Γ(A p , S 1 Ap ) that constantly takes the value γ. Then, we have that
In other words, the SC lattice without dislocation can be interpreted as the inverse image by ψ of a constant sectionσ γ of the trivial S 1 -bundle.
3.3. Screw Dislocation in Simple Cubic Lattice. A screw dislocation in the simple cubic lattice appears along the (0, 0, 1)-direction [N] . In other words, the Burgers vector is parallel to the (0, 0, 1)-direction. Using the fibering structure of Lemma 3.4, for the case where S = {z 0 }, z 0 ∈ C, we can describe a single screw dislocation in the SC lattice as follows, whose proof is straightforward. Our principal idea is to use a section in Γ(A p , S 
where γ = exp(2π √ −1δ 3 /a) ∈ S 1 . Then, the screw dislocation around z 0 given by
We note that D
can be regarded as a kind of a "covering space of the lattice A p ".
Remark 3.7.
(1) Let Z Ap,γ be the pullback of Z E 2 \{z 0 },γ by ι
: Z Ap,γ → Z E 2 \{z 0 },γ the induced bundle map. Then, we have the equality
which follows directly from the definition of Z E 2 \{z 0 },γ given in Subsection 2.2.
(2) Here, S = {z 0 } corresponds to the position of the dislocation line (see Figure 3) . As has been mentioned in the continuum model, D SC z 0 naturally embeds into the path space A parallel multi-screw dislocation is described as follows. Let us define the sectioň
Then, we have the following, whose proof is straightforward.
is realized in E 3 as a subset of Z E 2 \S,γ , where S corresponds to the position of the dislocation lines. (1, 1, 1)-direction. In this subsection, let us first consider the fibering structure along the (1, 1, 1)-direction of the simple cubic lattice. Although a screw dislocation does not occur along this direction physically, this construction is useful for analyzing the case of the BCC lattice. This structure is a little bit complicated; however, our algebraic approach makes the computation easy and enables us to have its discrete geometric interpretation. Let us consider the projection which corresponds to the quotient ring
where A 3 is the multiplicative free abelian group of rank 3 generated by α 1 , α 2 and α 3 .
For the vector a 1 + a 2 + a 3 ∈ A a 3 ⊂ R 3 , we have the vanishing euclidean inner products
Therefore, a 1 − a 3 and a 2 − a 3 constitute a basis for the orthogonal complement of the vector a 1 + a 2 + a 3 in R 3 . This space corresponds to the group ring generated by α 1 α
and α 2 α −1
3 . In other words, we consider
which is a subgroup of A 3 . We also consider the group ring
, which is identified, under the relation α 1 α 2 α 3 = 1, with
Lemma 4.1. We have a natural isomorphism as C[A d ]-modules:
Proof. First, note that every monomial of C[A 3 ] has its own degree with respect to α 1 , α 2 and α 3 , each of which has degree 1. Furthermore, it is easy to verify that a monomial has degree zero if and only if it belongs to C[A d ]. As a result, a monomial has degree r if and only if it belongs to C[A d ]α r 1 , where we can replace α r 1 by any other monomial of degree r.
where the ideal (1−α 1 α 2 α 3 ) in the ring C[A 3 ] is now considered as a C[A d ]-submodule. We can easily show that this homomorphism q is injective, since every non-zero element of the submodule (1−α 1 α 2 α 3 ) contains two non-zero monomials whose degrees are different by a non-zero multiple of 3. Furthermore, q is surjective, since we have Remark 4.2. Lemma 4.1 can be geometrically interpreted by using a cube as follows. Let us consider the cube whose vertices consist of 0, a 1 , a 2 , a 3 , a 1 + a 2 , a 2 + a 3 , a 3 + a 1 and a 1 + a 2 + a 3 , which are identified with their corresponding elements 1, α 1 , α 2 , α 3 , α 1 α 2 , α 2 α 3 , α 3 α 1 and α 1 α 2 α 3 , respectively. We have the natural action of the symmetric group on the three elements α 1 , α 2 and α 3 over the cube, which can be regarded as a subgroup of the octahedral group. The orbits of this action are given by {1}, {α 1 , α 2 , α 3 }, {α 1 α 2 , α 2 α 3 , α 3 α 1 } and {α 1 α 2 α 3 }, which coincide with the classification by their degrees. By identifying 1 and α 1 α 2 α 3 , we get the three classes as described in Lemma 4.1.
Remark 4.3. We have another algebraic proof for Lemma 4.1 as follows.
1 Let us consider the diagonal monomorphism ι
for n ∈ Z, and denote its image by A diag 3
. Then we naturally have
Furthermore, we also have the epimorphism
where the rightmost vertical map is the natural inclusion. By applying the snake lemma [L] to this diagram, we obtain the short exact sequence
where p 3 is the epimorphism induced by p 3 . The inverse images of the three elements of Z/3Z by p 3 give the decomposition of A 
The authors are indebted to an anonymous referee for this simple proof as well as that described in Remark 4.6 for Lemma 4.5.
where
Note that this corresponds exactly to the decomposition mentioned in Remark 4.3. This picture comes from the discrete nature of the lattice. The interval between the sheets is given by √ 3a/3.
4.2. Algebraic Structure of BCC Lattice. The BCC (body centered cubic) lattice is the lattice in R 3 generated by a 1 , a 2 , a 3 and (a 1 + a 2 + a 3 )/2. Algebraically, it is described as additive group (or Z-module) by
where 2b − a 1 − a 2 − a 3 Z is the subgroup generated by 2b − a 1 − a 2 − a 3 (see [CS, p. 116 ], for example). As in the case of the SC lattice, we assume that a 1 = (a, 0, 0), a 2 = (0, a, 0), a 3 = (0, 0, a) in the euclidean 3-space E 3 for a positive real number a as shown in Figure 5 (a). The generator b corresponds to the center point of the cube generated by a 1 , a 2 and a 3 .
The lattice B a is group-isomorphic to the multiplicative group
Let us denote by A 4 the multiplicative free abelian group of rank 4 generated by α 1 , α 2 , α 3 and β, i.e., A 4 := {α
Then, B is also described as the quotient group
is the (normal) subgroup generated by
3 . We shall consider the group ring C [B] of B,
4.3. Fibering Structure of BCC Lattice. In this subsection, we consider a projection of the BCC lattice and its associated fibering structure. As in the case of R d discussed in Subsection 4.1, let us consider
which is a subgroup of B. Then, we have the following decomposition as a C [B d ]-module.
Lemma 4.5. We have a natural isomorphism as C [B d ]-modules:
(c) Figure 4 . The cube in (a) shows the triangles whose normal direction is (1, 1, 1) in simple cubic lattice. If one looks at the cube from the (1, 1, 1)-direction, then the image is as in (b). Furthermore, if one projects the whole SC lattice to the plane perpendicular to the (1, 1, 1)-direction, then one gets the image as in (c), where the black, gray and white dots correspond to the three sheets A
d and A
d .
We can prove the above lemma by using an argument similar to that in the proof of Lemma 4.1. Remark 4.6. As in Remark 4.3, we can also prove Lemma 4.5 using the snake lemma [L] as follows. First, note that we have
Using the additive version B 
where the rightmost vertical map and the second horizontal map in the lower sequence are the natural inclusions. By applying the snake lemma to this diagram, we obtain the relation in Lemma 4.5 as in Remark 4.3.
Thus, we have the following.
Proposition 4.7. For R := R 3 /(β − 1), we have a natural isomorphism as C [B d ]-modules:
Remark 4.8. This corresponds to the triangle diagram for the projection of the BCC lattice, which is, in fact, the same as that depicted in Figure 4 (c). For the screw dislocation in the BCC lattice, b ∈ B coincides with the associated Burgers vector [N] . In other words, geometrically the "base space" corresponds to three sheets if we consider them as embedded in E 3 as shown in Figure 4 . This comes from the discrete nature of the lattice. However, the interval between the sheets is now given by √ 3a/6, which differs from that in the SC lattice case. More precisely, let us denote by B the subset of E 3 corresponding to the three sheets. Then, we have
By observing that the degree of b is equal to 3/2, we see that the three sheets above correspond to the classification by the degrees (modulo 3/2).
Lemma 4.9. As a set, B a is also decomposed as
Let η : R 3 → R 3 be the orthogonal transformation that sends a 1 , a 2 and a 3 to the vectors
respectively. For a vector δ = (δ 1 , δ 2 , δ 3 ) ∈ E 3 , we consider the embedding
Note that η sends the vector 2b = a(1, 1, 1) to √ 3a(0, 0, 1), and therefore ι BCC δ sends each B (c) into a plane parallel to the plane spanned by (1, 0, 0) and (0, 1, 0) for c = 0, 1, 2.
Let π : E 3 → E 2 be the natural projection to the first and second coordinates. As in the case of A d , we consider the natural embedding ι
With the help of Figure 6 , we can prove the following lemma. 
Let S = S + S − be a finite subset in E 2 as in Subsection 2.3. In the following, we assume thatδ ∈ E 2 satisfies ι BCC,c δ (B (c) ) ∩ S = ∅, c = 0, 1, 2. Then, we have the following, whose proof is straightforward.
Lemma 4.11. For every fiber bundle F E 2 \S over E 2 \ S, by the embedding ι BCC,c δ :
2 \S, c = 0, 1, 2, we have the pullback bundle F B (c) that satisfies the commutative diagram
where the vertical maps are the projections of the fiber bundles andι Using this pullback diagram (Cartesian square), we have the following, whose proof is straightforward.
Lemma 4.12. We have the following commutative diagram:
for c = 0, 1, 2, where the straight vertical arrows are projections of the fiber bundles, ψ are the bundle maps induced by ψ defined in Section 2, and the positive constant d in Section 2 is now set d = √ 3a/2, which ψ depends on.
The following proposition corresponds to the case where S = ∅ and the proof is left to the reader. 
Algebraic Description of Screw Dislocations in BCC Lattice.
Recall that a screw dislocation in the BCC lattice is basically given by the (1, 1, 1)-direction. In other words, the Burgers vector is parallel to the (1, 1, 1)-direction, or more precisely it coincides with b itself [N] . In the following, for
. Now, as in Proposition 3.6 for the SC lattice case, we have the following description of a single screw dislocation in the BCC lattice.
Proposition 4.14. The single screw dislocation expressed by
,
Furthermore, forσ 1 andσ 2 ∈ Γ(B, S 1 B ) expressed asσ a (x) = (s a (x), x) for x ∈ B, a = 1, 2, we define their multiplicationσ 1σ2 by (σ 1σ2 )(x) = (s 1 (x)s 2 (x), x), x ∈ B. Using the multiplication, we have the following description of a parallel multi-screw dislocation in the BCC lattice.
Proposition 4.15. The parallel multi-screw dislocation in the BCC lattice given by
is a subset of E 3 , where S corresponds to the position of the dislocation lines.
Energy of Screw Dislocation
5.1. Energy of Screw Dislocation in SC Lattice. In this section, we consider the strain energy of a single screw dislocation in the SC lattice along the (0, 0, 1)-direction as discussed in Subsection 3.3. We adopt a spring model, in which certain "edges" of the SC lattice correspond to elastic springs, whose natural lengths are equal to a or √ 2a. More precisely, in our model, we have the elastic springs on the edges
3 . Note that the above parametrization refers to a local one for the SC lattice after the dislocation, in a neighborhood of each vertex sufficiently far from the dislocation line. It is clear that such a parametrization does not work globally; however, around each point, such a parametrization works as long as the point is far from the dislocation center. In this section we will use this parameterization for simplicity and compute the strain energy caused by a screw dislocation.
We note that there are several other possibilities for the choice of the edges. The choice of the model, however, does not affect the essentials of the results, as we will see later.
Now, let us consider the screw dislocation in the SC lattice along the (0, 0, 1)-direction around z 0 ∈ C, as described in Subsection 3.3. We regard that the original lattice is in a stable position, and we consider the elastic energy resulting from the dislocation. For this, we need to investigate the difference between the original position and the position resulting from the dislocation.
First, we define the relative height difference ǫ
respectively, where log x = log e x for x ∈ S 1 is considered to be √ −1 times the argument of x, and we choose the values so that −a/2 < ǫ (i) ℓ 1 ,ℓ 2 < a/2 for i = 1, 2 and ±. In what follows, for a sectionσ ∈ Γ(A p , S 1 Ap ) expressed asσ(x) = (s(x), x) for x ∈ A p , we often use the symbolσ(x) instead of s(x) by abuse of notation. We recall thať
for z 0 = x 0 + √ −1y 0 , x 0 , y 0 ∈ R, and γ = 1 in Proposition 3.6. Then, the difference of length in each segment
is given by
) 2 − a, i = 1, 2, whereas the difference of length in each diagonal segment
, and the difference of length in the diagonal segment
On the other hand, the length of the segment [(ℓ 1 , ℓ 2 , ℓ 3 ), (ℓ 1 , ℓ 2 , ℓ 3 + 1)] is constantly equal to the natural length a and thus we set ∆ (3) ℓ 1 ,ℓ 2 = 0. Then, we have the following.
are approximately given by
Proof. For simplicity, we set
Then, we haveσ
By Taylor expansion, we have, for
as w → 0. Therefore, we obtain that
Then, we get the approximation formula (5.4) from definition (5.1). Finally, we can prove the approximation formula (5.5) for ∆
, i = 1, 2, and
by simple application of the Taylor expansion. This completes the proof.
Following the spirit of the theory of elasticity [LL, M] , in the following, we assume that a
is small in Lemma 5.1. This assumption means that the node (ℓ 1 a, ℓ 2 a) in E 2 is sufficiently far from the center (x 0 , y 0 ) of dislocation relative to the lattice length a. Such an approximation does not hold for the nodes near the center. More explicitly, the approximation given above is valid for the elastic energy in the far region (5.6)
for sufficiently large fixed ρ > 0. On the other hand, in the core region Z 2 \ A ρ , the approximation fails and we need to adopt another approach.
Furthermore, for later convenience, let us introduce the notation
for N > ρ, which is bounded and is a finite set. We can now compute the elastic energy caused by the screw dislocation. Since our model has the translational symmetry along the (0, 0, 1)-axis (i.e., the set of lattice points (ℓ 1 , ℓ 2 , ℓ 3 ) together with the edges with springs in our model is invariant under the translation ℓ 3 → ℓ 3 + 1), we will concentrate ourselves on the energy density for unit length in the (0, 0, 1)-direction, and call it simply the elastic energy of dislocation again.
Let k p and k d be spring constants of the horizontal springs and the diagonal springs, respectively. Then, the elastic energy of dislocation in the annulus region A ρ,N is given
Now defining the truncated Epstein-Hurwitz zeta function ζ ρ,N (s, z 0 ) as
we have the following theorem for the elastic energy.
Theorem 5.2. By neglecting the second and higher orders of
we have that the elastic energy is given by
Summary and Discussion
In this section, we provide summary and discussion of our results from physical viewpoints as well as from mathematical viewpoints. While this section is mainly for readers with background in physics, we also give some remarks from mathematical viewpoints as well.
We have described multiple screw dislocations that are parallel to each other in the continuum picture in Section 2 as in Definition 2.5, using the section of a certain S 1 -bundle as defined in (2.5). Although they were known as topological defects in [HB, N] , in Proposition 2.6 we have shown that they are also expressed as a quotient space of the path space or as an abelian covering of E 2 \ S. This means that our screw dislocations are regarded as realizations of the abelian covering of E 2 \ S in the euclidean three space E 3 . In Proposition 3.8 of Section 3, the discrete picture of such multiple screw dislocations in the SC lattice has been obtained as the pullback of the fiber structure of the multiple screw dislocations in the continuum picture. It can naturally be extended to the case of the BCC lattice. However, in the case of the BCC lattice, the Burgers vector is given by (1, 1, 1) and its geometrical structure is a little bit complicated. In Section 4, in order to treat the BCC case, we expressed the fiber structure with respect to the (1, 1, 1)-direction using algebraic methods. The geometrical properties are determined by purely algebraic computations as in Lemma 4.1 and Proposition 4.7. Apparently, such algebraic methods can be applied to more general settings.
In Section 5, we have computed the energy of a screw dislocation. This is, in fact, related to harmonic map theory as follows. The complete SC lattice is realized as the embedding ι A 3 ,δ : A a 3 ( ∼ = Z 3 ) → E 3 as in (3.1). Such embeddings are parametrized by δ ∈ E 3 , which can actually be considered to be elements of the 3-torus group T 3 = R 3 /aZ 3 . This is because if δ − δ ′ ∈ aZ 3 for δ, δ ′ ∈ E 3 , then the images of ι A 3 ,δ and ι A 3 ,δ ′ coincide. Thus, a slight perturbation of the embedding ι A 3 ,δ gives rise to a map A a 3 → T 3 , and its infinitesimal version gives a map into the tangent space of T 3 , which is identified with R 3 . Therefore, we can regard a realization of the lattice A a 3 as a minimal point of a certain energy functional related to a harmonic map whose target space is T 3 , and we see that such an energy functional is given by our spring model by imitating the standard energy functional as introduced in [ES, U] from a discrete point of view.
On the other hand, a screw dislocation loses the symmetry except for the third axis. The fiber structure that we have discussed is related to the action of the subgroup S 1 = {1} × {1} × S 1 of T 3 . The configuration of a dislocation can also be regarded as a minimal point of an energy functional. Since the relevant map in the harmonic map theory for the dislocations is from D SC S to T 3 and S 1 acts on D SC S , in Section 5 we have computed the energy of a screw dislocation by summing up the energy densities parametrized by
, where π S,γ is given in Definition 2.5. Then, such an energy is approximately obtained in terms of the truncated EpsteinHurwitz zeta function (5.9) in Theorem 5.2, where the Epstein-Hurwitz zeta function is defined by [Ep, El, T] as
Note that the zeta function diverges at s = 2, which implies that the elastic energy E ρ,N (x 0 , y 0 ), approximately described in Theorem 5.2, diverges for N → ∞, i.e., 2 , then the difference must vanish. Since the Epstein-Hurwitz zeta function is based on the theory of quadratic forms in euclidean spaces and the study of Minkowski [Ca] , this fact might shed light on new mathematical aspects of the lattice theory besides [CS] . Furthermore, since the SC lattice A a 2 can be regarded as the Gauss integers Z[ √ −1], these results might also reveal an important connection between the number theory and the theory of dislocations.
In this subsection, we summarize our results for physicists without mathematical rigorousness. We loosely use the logarithm function as a multiple valued function.
The results in Section 2 are basically well-known, e.g., in [HB, Chap. 4] . Let us consider multi-screw dislocations, whose dislocation lines are all parallel to the x 3 -direction and are given by points z i in S + for "positive" screw directions, and by points z j in S − for "negative" ones, where S + and S − are disjoint finite subsets of the complex plane C. Set S = S + S − . Setting the lattice unit d, we have seen that the x 3 -coordinates of the points in the dislocations are given by
for some γ ∈ S 1 , where z − z j is the complex conjugate of z − z j . It consists of solutions to the Laplace equations
for z k ∈ S. In other words, the dislocations are obtained as a set of minimal points of the elastic energy under a certain boundary condition [HB, N] .
Based on the result (6.2) in Section 2, we have described the discrete picture of the dislocation in the SC lattice in Subsection 3.3; at a point (ℓ 1 , ℓ 2 ) of Z 2 ⊂ C, the lattice points are given by
These are realized as points in the configuration of the continuum picture. In other words, these are also based on the solutions to the Laplace equation (6.3). For the BCC case, the dislocation layers are split into three types. Usually, the configuration has been discussed geometrically; however, in this article, we have shown the fact by means of an algebraic method. Experimentally, it is known that a dislocation line in a real material may not be a straight line, but is a curve in the 3-dimensional euclidean space E 3 [HB] . Thus, we need to deal with such a curved dislocation line mathematically. Our algebraic approach might enable us to handle such a curve in a lattice locally which could be a part of a curved dislocation line. We should emphasize that our method is novel in this field of study.
Using the result (6.2) in Section 2, we have described the discrete picture of the dislocation in the BCC lattice in Subsection 4.4. Since we have shown it in Proposition 4.15 directly, let us rewrite it only for a single screw dislocation here:
The first layer:
The second layer:
The third layer:
Recently the configurations of the dislocations are studied in terms of the ab-initio computations [Cl] ; however, as mentioned above, the boundary condition is crucial in the study of dislocations. Since our description of the configuration is for the region far from the dislocation line, the configuration should obey the classical mechanics as the continuum theory of dislocation. Even for the ab-initio computations of the core structure of a dislocation, our results may provide data for their boundary conditions. Furthermore, recently crystal structures can be observed directly and are analyzed in terms of the number theory [ISCKI] as well. In a similar sense, our results might provide new viewpoints for the study of dislocations.
Furthermore, even if the thermal fluctuation is locally larger than the elastic energy, our study shows that the topological defect cannot be neglected, since the contour integral of the configurations of atoms along a circle around the dislocation line gives the topological invariance, which is described in Remark 2.4 and Proposition 2.6 mathematically. For real materials, we must consider other effects, e.g., various dislocations, bend of dislocation lines, etc.; however, some of the properties based on topological arguments must be preserved in the discrete description as mentioned in Sections 3 and 4. We note that the relation to the path space in Section 2 is robust, since the abelian covering is associated with the contours of certain integrals as in the case of Riemann surfaces [KMP] .
In Section 5, we have obtained the strain or elastic energy of the screw dislocation.
I. In the computation, we have considered the spring model of the SC lattice by assuming that we have springs for a certain set of edges of the lattice graph. As in Lemma 5.1, the increase in length caused by the dislocation strongly depends on the direction: as (5.5) shows, it is of order one with respect to the height difference ǫ for the edges including the a 3 -direction, while it is of order two for the other edges. Note that the latter can be neglected in the approximate computation of the relevant energy.
This means that even if we add, for example, a spring for each edge
etc., the energy basically remains the same as that given in Theorem 5.2.
II. For simplicity, let us suppose that the position of the dislocation line corresponds to (x 0 , y 0 ) = (0, 0). As we have investigated the elastic energy for the annulus region R ρ,N := (x, y) ∈ E 2 | ρa < x 2 + y 2 < Na of the dislocation for the discrete picture in Theorem 5.2, let us also consider its counterpart for the continuum picture. It is well-known that the strain energy E c ρ,N of the screw dislocation in the annulus region per unit length along (0, 0, 1)-direction, in continuum picture, is expressed by
where G is the shear modulus and a appears as the length of the Burgers vector (see [HB, eq.(4.20)] ). This is given by
holds. This means that our spring model, in discrete picture, is consistent with the known dislocation theory in continuum picture, so that our model is plausible in such a sense. However, as mentioned in I, the correspondence between the spring constant k d and the shear modulus G does depend on the choice of the edges for springs. If we employ additional edges with their own spring constants, then the resulting elastic energy may have a different constant, and thus the correspondence might be modified. For N → ∞, the above energy E c ρ,N in continuum picture diverges. This should be compared with the discrete picture: the elastic energy E ρ,N (x 0 , y 0 ) in Theorem 5.2 also diverges for N → ∞ due to the property of the Epstein-Hurwitz zeta function [T] .
III. As mentioned just before the definition of A ρ in (5.6), our description shows that there is a criterion for the core region of a screw dislocation from a viewpoint of elastic energy.
IV. The investigation in Section 5 can also be applied to the case of the BCC lattice with the help of Proposition 4.14, although it might be complicated.
V. Finally, let us demonstrate an application of our model using the zeta function as follows. The total strain energy of two dislocations whose dislocation lines are parallel to each other and correspond to S + = {(x 0 , y 0 )} and S − = {(x 0 , −y 0 )} with y 0 = 0, is instead ofσ z 0 (ℓ 1 a, ℓ 2 a), where z 0 = x 0 + √ −1y 0 , x 0 , y 0 ∈ R. We concentrate ourselves on ∆ ((x − x 0 ) 2 + (y − y 0 ) 2 ) ((x − x 0 ) 2 + (y + y 0 ) 2 ) dxdy =: E S,0 .
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